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Abstract 
The object of this paper is to provide q-analogs of several classical binomial coefficient con- 
gruences due to Babbage, Wolstenholme and Glaisher. The q-analogs turn out to be succinct 
and unexpected. ~) 1999 Elsevier Science B.V. All rights reserved 
1. Introduction 
In 1819, inspired by Wilson's Theorem which asserts that if p is a prime 
(p -  1)! = - l (modp) ,  (1.1) 
Charles Babbage [2] proved for odd primes p that 
2P -  1 )  - 1 (modp2) (1.2) 
p -1  
This is apparently the only paper on number theory written by Babbage, the famous pi- 
oneer of computing machines. His proof is a nice application of the Chu-Vandermonde 
summation. 
In 1862, the Reverend Wolstenholme [21] improved Babbage's theorem by proving 
for primes p > 3 
2P -  1 )  ------ l (modp3) (1.3) 
p -1  
Gow [13] presented a biographical note on Wolstenholme. 
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Finally, Glaisher in a series of wonderful papers [8-11] proved a large number of 
results of this nature, for example [11, p. 110] if p is a prime > 3, then 
(mp+p-  1)  
p -  1 ~ 1 (modp3), (1.4) 
or as he stated the result 
(mp÷l ) (mp+2) . . . (mp+p-1)=- (p -1 ) !  (modp3). (1.5) 
From (1.5), Glaisher noted that a variety of congruences for binomial coefficients 
could be obtained. 
In recent imes, a number of papers [4-7,14,17,18, Problem 1.6(d)], have appeared 
which contribute to our understanding of such congruences. For the most part these 
papers take as their starting point Lucas's congruence for binomial coefficients [15]. 
Two papers that I know of consider q-binomial coefficients. In [4], Clark proves some 
congruences for q-binomial coefficients that are closely related to Theorem 3 in our 
Section 3. Sved [19] considers q-binomial coefficient congruences mod p when q is 
also an integer. 
In this paper, we shall prove the q-analog of (1.5), namely 
Theorem 1. I f  p is an odd prime and m >>, 1, then 
(qmp+l;q)P-I -- qmp(p--1)/2(q;q)P-1 = (p2 _ 1)p/24 (mod [p]), 
(1 -- q(m+l)p)(1 -- qmp) 
where 
(A;q), = (1 -A)(1 - Aq)...(1 -Aq" -1 ) ,  
and 
[n] = [n]q = (1 - qn)/(1 - q) .  
(1.6) 
(1.7) 
(1.8) 
In Section 2 we shall prove Theorem 1. In Section 3 we shall prove a number 
of q-binomial coefficient congruences. In Section 4 we shall confirm that (1.6) im- 
plies Wolstenholme's congruence (1.3). In Section 5, we consider q-analogs of Wol- 
stenholme's harmonic series congruences, and we consider a natural conjecture in 
Section 6. 
While Henry Gould does not appear to have considered Wolstenholme's Theorem 
directly, he has dealt explicitly [12, p. 317, eq. (2)] with generalizations of identities 
used by Wolstenholme [21] in proving his congruences. 
2. P roo f  o f  Theorem 1 
Throughout the paper we will tacitly use the fact that when p is a prime [p](= 1+ 
q +. . .  + qp-l) is an irreducible polynomial in Q (q) (cf. [20, p. 12]). Furthermore, 
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this means that Q(q)/[p] is a field and consequently rational functions r(q)/s(q) are 
well defined modulo [p] provided s(q) is prime to [p]. 
To prove Theorem 1, we require the following facts: 
qP =--- 1 (mod [p]) .  (2.1) 
This follows immediately from (1.8). 
(_ l ) Jq(2  z s = (z;q)N, (2.2) 
j=O 
where 
iNl {0 = = (qN-j+l;q)j if O<~j<.N. J J q (q;q)j 
This is the q-binomial theorem [1, p. 36]. 
Finally, 
i f j  < 0 or j>N,  
q(J+2~) [ P -1 ]  =-(-1) (mod[p] ) .  
To see that (2.3) follows from (2.1), we note 
(2.3) 
q(:+2~) [ P -1 ]  =ql+2+''+j (1 -  qp-l)(1- qp-z)'' "(1- (1 -q ) (1 -q2) . . . (1 -q J )  
(q _ qp)(q2 _ qp) . . . (qj _ qp) 
(1  - q ) (1  - q2) . . . (1  - qJ) 
_ (q -  1 ) (q2-  1 ) . . . (q J  - 1 )  
- (1  - q ) (1  - qZ) . . . (1  - qJ) 
=(-1)  j . 
We are now ready to prove Theorem 1. 
(mod [p]) (by (2.1)) 
(qmp+l; q)p_l _ qmp(p-1)/2(q., )p-I 
(1 -- q(m+l)P)(1 -- qmp) 
P- l I lp  J 1 ---- (1 - q(m+OP)-l(1 - qmp)-I Z ~" (-1)Jq(J+~)(qmpj - qmp(p-l)/2) 
j=0 
= (1 -- q(m+l)P)-l(1 -- qmp)-i 
(p-l)/2 F ] (--1) j ( z ,p_l, q(J+21)+mpJ q(J+21)+mp(p-l)/2 
j=0 J 
+q(pTJ) +rap(p- -1 - - J )  - -  q(p;J)mp(p--l)/2~ 
/ 
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(by grouping the j th  term with the (p  - 1 - j ) th  term) 
= (1 - q(m+l)p)-l(1 - qmp)-I 
(P- 1 )/2 
× Z [ ](--1)Jq(2)( 1 • J+, 
:=o J 
+ q(P)-pj+mp(p-l-j) q(f)-pj+mp(p-I)/2) 
= (1 -- q(m+l)p)-l(1 -- qmp)-I 
(p--l)/2 
× E [P ;1 ]  (-1)jq(j~O(qmpj(1-qmp((p-l)/2-j)) 
j=O 
--q ( P) -pj+mp(p-1)/2 ( 1 -- qmp((p-1)/2-j)) ) 
= (1 - q(m+l)p)-l(1 - qmp)-i 
(p -  1)/2 
× Z [P ;  1] (-1)Jq(/+2')+mpj(1-qmp((p-l,/2-j)) 
j=O 
X(I q m+I'I ' 
(p- I )/2 
Z q(j;I) [P ;  11 (--1)jqmpj 
j=O 
(1 - qmp((p-1)/2-j)) (1 - -  q(m+l)p((p-l)/2--j)) 
1 -- qmp (1 -- q(m+l)p) 
(p- I )/2 
Z ( (p - 1)/2 - j)2 
j=0 
(by  (2.3) ,  (2 .1)  and the finite geometric series) (mod [p])  
( p- 1 )::2 
j=o 
1 
---- ~( (p -  l)/2)((p + l)/2)p 
= (p2 _ I)p/24. [] 
Coro l la ry  1. (1 - qmp)(1 - q(m+l)p) divides 
(qmp+l., q)p_ 1 -- qmp(p- l)/2(q; q)p_ 1 • (2.4) 
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Proof. This is immediately seen from the line of the proof in Theorem 1 just preceding 
the invocation of the congruence modulo [p] because of all the terms in the sum are 
polynomials. [] 
3. q-Binomial congruences 
The most natural consequences of the results in Section 2 are actually direct 
q-generalizations of Babbage's Theorem (1.1). 
Theorem 2. Let p be an odd prime and h > 1. Then 
(mod [p]qh [p]qh-, ), (3.1) I hp -  1 1 q(h-l)p(p-l)/2 
p - 1 J - 
hp -  1 ] q(h-l)p(p-1)/2 
p-  1 J - 
(mod [p]2). (3.2) 
Proof. We see immediately by Corollary 1 that the product of the polynomials [p]qh 
and [p]qh-i divides 
(q(h-1)p+l ; q)p_l -- q(h- 1)p(p-1)/2(q; q)p_ 1 • 
Consequently, 
(q(h-l)P+l;q)p_l -- q(h-1)p(p-1)/2(q;q)p_l (mod [p]qh[p]qh-~ ) 
Finally, since (q;q)p-t is prime to [p]qh[p]qh 1 (because the latter's roots are primitive 
pth power roots of unity), it follows on division by (q;q)p-1 that 
I hp 11 (mod [p]¢[p]qh,). 
1 q(h-1)p(p-l)/2 
p-1  
Congruence (3.2) follows since [p] is a factor of [p]qh for each h>~ 1. [] 
Theorem 3. Let p be an odd prime and h > j >t 1. Then 
1] ---- (mod [p]2). (3.3) 
j p  1 q 1 qP 
Proof. First, we note that each polynomial of the form 
(qmp+l;q)p_ 1 (3.4) 
is prime to [p] because no primitive pth root of unity is a root of the polynomial in 
(3.4). 
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Therefore, 
E:;_ -I 1] 
_ (q(h--l)p+l;q)p_l(1 _ q(h--1)p))(q(h-2)p+l;q)p_l(1 _ q(,~--2)p)... 
(q(j- 1)p+l ; q)p_ 1 ( 1 - q(J-1)p )(q(j-2)p+l ; q)p_ 1 (1 -- q~J-2)P)'" 
• . .  (q (h - j+ l )p+l ;q )p_ l (1  -- q (h - j+ l )p ) (q (h - j )p+l ;q )p_ l  
X 
... (qp+l; q)(1 -- qP)(q; q)p_ 1 
q(h- I) (2') +(h-Z) (;) +-"+(h-j) (;) 
(mod[p] 2) (by(3.2)) 
- [~-1  11 q(h--j)jp(p--1)/2 (mod[p]2) [] 
qP 
4. Wolstenholme's binomial congruence 
To prove (1.3) with p > 3 Glaisher [11] only needs to invoke (1.5) with m = 1. 
Hence to show that we really have a q-generalization f Wolstenholme's theorem in 
Theorem 1 we need only show that (1.6) implies (1.5). Now (1.6) is equivalent to the 
assertion that there exists a polynomial F(q) with integer coefficients such that 
(qmp+l ;q )p_ l  _ qmp(p- I ) /2 (q ;q )p_ l  (p2 _ 1)p 
-- + F(q)[p]. (4.1) (1 - q(m+l)p)(1 - qmp) 24 
So divide both sides of (4.1) by (1 - q)p-3. If we do that and let q ~ 1, the left 
hand side reduces to 
(rap+ 1)(rap +2) . . . ( rap+ p-  1) -  (p -  1)! 
(m + 1)rap 2 (4.2) 
Therefore, the expression (4.2) is an integer (by Corollary 1) which is equal to 
( (p2_  1)p + F(q) [p ] ) / (1  _q)p-3.  (4.3) lira 
q~l 2-4 
Therefore 1 must be a (p - 3)rd-order zero of the numerator of (4.3), and the evalu- 
ation of this expression will follow from application of L'Hopital's rule p - 3 times 
(remember p > 3). Hence by Leibnitz's rule for differentiation, the expression in (4.3) 
is 
E p -3  
j=o J )F(/)(1) ~[p] )q= / (p -3 ) ,  (4.4) 
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But 
/ ~-#qN [P] = ~qN ( l+q+q2+. . .+q p-I) (4.5) 
q=l q=l 
p--I 
=N! Z j( j -  1) . - . ( j -N+ 1) 
N! 
j=0 
p - I  
j=0 
which is divisible by p if N~< p-  2. Therefore the expression in (4.4) is an integer 
divisible by p. Hence equating (4.4) and (4.2) we see that 
(mp + 1)(mp + 2) - - . (mp + p-  1) -  (p -  1)! 
is divisible by p3. Consequently (1.5) is proved, and thus Wolstenholme's congruence 
follows from Theorem 1. 
5. Wolstenholme's harmonic series congruence 
In order to prove (1.3), Wolstenholme [21] proves auxiliary congruences. Indeed one 
of these is much more famous than any of the congruences previously cited, namely 
for each prime p > 3 
p- I  
Hp-I := Z 1 - -=0 (rood f ) .  
j=l J 
Using Theorem 1, we can prove a related congruence for the q-harmonic series: 
Theorem 4. For odd primes p, 
and 
1 p -  
Hp-l(q):= [7] -= 2 l ( l _q )  
p-1 qj p-1  
Y~[j]-- 5- (q- l )  (mod[p]). 
j=l 
(mod [p]), 
(5.1) 
(5.3) 
(5.2) 
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Remark. This result implies (5.1) with p2 replaced by p upon setting q = 1. 
Proof. We rewrite the expression in (2.4) and note that Corollary 1 implies 
p-  1 p - I  
IX [J] - 0 (mod [p]2). I-I ([rap] + qmp[j]) _ qm( ;) 
j=l j=l  
If we multiply out the first expression and delete those terms divisible by [p]2, we 
find upon dividing by [1][2].-. [p -  1] that 
[mp]qmp(p-2)Hp_l(q) + qmp(p--l) _ qm(~) =--- 0 (mod[p]2). 
Consequently, invoking (2.1), we see that 
mHp_ l (q ) -m(P~2 1)(1-q)=--O (mod[p]); 
SO 
Hp-l(q):- P-  1(1 -q )  (mod [p]), 
2 
as desired. 
Of course, once such a congruence has been found, it is easy to verify it indepen- 
dently. Namely, 
Hp-l(q) -- ~.-~(1 -- q) 
(p -  1 )/2 
(1 q) Z (1-~lq j ~1-1  ) = -- + qp_~. 1 
/=1 
(p- l ) /2  1 - -  qP (p--1)/2 
=( l -q )  Z (1 -q J ) (1 -qP- J )  = Z 
j= l  j=l  
Finally, since 
p-1 1 j 
Hp_,(q) = Z ~-~ = [j] 
j=l j=l 
we see that 
p--I q j  _p -1  
Z~] - -  T (q - l )  (mod[p]). [] 
j=l  
[P] 
[j][p - j] --0 (mod [p]). 
p--1 
- - (p -1 ) (1 -q )+Z qj 
/= l  [ j ] '  
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6. Conclusion 
It should be noted that Babbage's original proof of (1.2) can be directly extended 
to prove the q-analog. Namely, 
{2 17 1{2  1  61, 
p-1  J l+qp p 
12 _ 1 Z qj2 [ ff (by ([1, p. 37, Eq. (3.3.10)])) 
1 + qp j=0 
1 +qp2 
1 +qP 
(mod [p]2) 
qp(p-1)/2 (mod [p]2), 
The last line follows from the fact that 
p+l 
(1 + qP-) - -  q(~')(1 + qP) = (1 - q(f))(1 - q( ~ )). 
Note that (6.1) is an immediate corollary of Theorem 2. 
One would like a perfect q-analog of (1.4) and (1.5); however, the empirical studies 
I made which led to Theorem 1 do not yield any instances of congruences modulo 
[p]3. 
We note immediately from Theorem 1 that for a >1 1 and p an odd prime 
H(a, p; q) = (qap+l ; q)p_ 1 - qap(p--1)/2(q; q)p_ 1 (6.2) 
(1 - q)p-3(1 - q(a+l)p)(1 - qap) 
is a polynomial. Furthermore, a little algebra reveals that it is a reciprocal polynomial. 
A unimodal polynomial 
N 
p(q) = ~ aiq j
j-O 
is one for which ao < al <<.a2 <~ ... <~aM >~aM+l ~ ... >>-aN for some M with O<<.M <<.N. 
Conjecture. For a/> 1 and p an odd prime, H(a, p; q) is a unimodal polynomial with 
positive coefficients. 
This conjecture should be much easier than K. O'Hara's proof that the q-binomial 
coefficients (defined in (2.2)) are unimodal. From (6.2) we see directly that 
~P-~l ( l+q+" '+q J -~) ( [ (a+l )p -1  _qa(~)) 
H(a, p; q) = (6.3) 
[ap][(a + 1)p] 
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The numerator is the product of unimodal and 'almost' unimodal polynomials (for 
p = 7, a = l, [131-q21 is not unimodal), and the denominator (which we know 
divides the numerator) is the product of two rather 'flat' unimodal polynomials. 
Finally, it should be pointed out that the famous congruence (5.1) as well as 
j2 = 0 (modp) (6.4) 
j=l  
are fairly easily deduced by expanding the lett-hand side of (1.5) as a polynomial in 
m. Thus Section 4 reveals that both (5.1) and (6.4) follow from Theorem 1. 
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